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Abstract: In this paper, we prove that if a Banach space (X, ||.||) has unconditional Schauder basis {e,} with unconditional
basis constant ¢ and has normal structure for weakly compact convex sets, then the equivalent renorming (X,|.|,;), (where

|xlg = max{||x||, Bq(x)},B = 0,q is a seminorm on X) has normal structure for weakly compact convex sets under a suitable

condition. Also, we give an alternate proof for normal structure of a k-uniform rotundity (k-UR) Banach space.
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1. Introduction

Let Kk be a nonempty weakly compact convex subset of a Banach space X. A mapping T:K — K is said
to be nonexpansive if ||Tx — Ty|| < |lx — y|l, for all x,y € k. We say, K has the fixed point property (fpp)
if every nonexpansive map on K has a fixed point in K. Also, we say X has the fixed point property
(fpp) if every nonempty weakly compact convex subset of X has the fixed point property. In 1965, Kirk
[10] proved that every Banach space with normal structure has the fpp. The idea of normal structure was
introduced by Brodskii and Milman in 1948 [3] to study the existence of common fixed point of
isometrics. It is known that every compact convex subset of a Banach space has normal structure [7],

hence every finite dimensional Banach space has the fpp. Browder and Gohde [7] proved the existence of



Gopal Dutta: Some Classes of Banach Spaces with Normal Structure

fixed points for nonexpansive mappings in a uniformly convex Banach space without using normal
structure. Note that, every uniformly convex Banach space has normal structure and hence every Hilbert
space has normal structure [7]. In 1976, Karlovitz [8] showed that normal structure is not a needful
condition for the fpp of a Banach space by extending Kirk’s work. Subsequently, Maurey [4,13] proved
co With the sup norm has the fpp though it does not have normal structure [7]. However, we can not drop
the weakly compact assumption in Kirk’s theorem [7]. Since then, different types of geometric conditions
introduced by various authors which guaranteed the fpp for a Banch Space (one can refer [1, 2, 4, 5,7, 9,
11, 12]) although the problem: Does every reflexive Banach space have the fpp?- remains open.
More, specifically the problem: Does every equivalent renorming of (1%,|I.1l,),1 < p < o, have the fpp?-
also remains open. Note that (I%,]I.11,),1 < p < o, is uniformly convex and hence has the fpp [7]. Further,
every equivalent renorming of (i7,].1,),1 <p < o, is reflexive. In [5], it was proved that the equivalent
renorming (i2,1.15), (wWhere |x|g = max{llx|l,, Bq(x)}, B >0,q is a seminorm on (%) has normal structure
if for each sequence {y,} with [ly.ll, < 1,supp(y,) is finite and max(supp(yy)) < min(supp(yi+1)), for
all k, there exist n,e Nand a >0 such that q(y;) <a<1/p, for all k=n,. In this paper, we
generalize the above result for a Banach space with unconditional Schauder basis and from this we give
examples of some equivalent renormings of (17,|I.11,,),1 < p < o, with normal structure. In fact, here we
prove the following: Let(X,||.||)be a Banach space with unconditional Schauder basis {e,} and ¢ be the
unconditional basis constant. Suppose (X, |l.]) has normal structure for weakly compact convex sets. Let
x5 = max{l|x|l, Bq(x)} (where g >0 and q is a seminorm on X) be an equivalent renorming of (X, |I. D).
Then (X,I.15) has normal structure for weakly compact convex sets, if for each sequence {y,} with
lyell < ¢, supp(y,) is finite and max(supp(yi)) < min(supp(yi11)), for all k, there exist n, € N and
a >0 suchthat q(y,) <a<1/B, forall k >n,
Sullivan [1979] introduced the notion of k-uniform rotundity (k € N) for a Banach Space X which is a
generalization of uniform convexity and showed that these Banach spaces have normal structure [15]. In
this article, we give an alternate proof for the normal structure of a k-uniform rotundity (k-UR) Banach
space.
2. Main Results
Let X be a Banach space and A c x. We use the following notations:

1 (4) = sup{llx — yll:y € A},

diam(A4) = diameter of 4,
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co(A) = convex hull of 4,

c0(A) = convex hull closure of A.

Definition 2.1. [3,7] A nonempty convex subset K of a Banach space X is said to have normal structure
if for every nonempty closed bounded convex subset ¢ of Kk with diam(C) > 0, there exist x € C such
that ,.(C) < diam(C).

If every convex subset of a Banach space X has normal structure, then we say that x has normal
structure. Also, we say X has normal structure for weakly compact convex sets if every weakly compact

convex subset of X has normal structure.
In 1965, Kirk proved the following:

Theorem 2.2. [10] Let Kk be a weakly compact convex subset of a Banach space x. If Kk has normal

structure, then K has the fpp.
The following theorem gives a characterization for normal structure.

Theorem 2.3. [7] A nonempty bounded convex subset K of a Banach space X has normal structure if

and only if it does not contain a non constant sequence {x,} such that

lim dist (x,41, co{xy, %5, ..., %, }) = diam{x{, x5, ..., X, ... }
n—oo

Corollary 2.4. [7] A Banach space X has normal structure for weakly compact convex sets if and only if
it does not contain a sequence {x,} such that
X, 2% 0
llxcn Il - 1
diam({x,}) = 1.
Let X be a Banach space and {e,} be a Schauder basis of X. Let x € X. Then there exists a unique

sequence of scalars {a,} suchthat x =Y_, a, e,. The support of x with respectto {e,} is
supp(x) = {n € N: a,, # 0}.
Definition 2.5. [14] A Schauder basis {e,} of a Banach space X is said to be unconditional if for each

x € X, the expansion x =Y_, a, e, for x interms of the basis is unconditionally convergent, that is

Vo1 An(n) €y CONVerges for any permutation = of N.

Theorem 2.6. [14] Suppose {e,} is an unconditional basis for a Banach space X. For each 4 c N,

define the linear operator P,:X - X, as Py(Xo-,ane,) = Yneanen. Then P, forall AcN, isa
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bounded linear operator and sup{||P,||: A = N} is finite. The constant ¢ = sup{||P,]|: 4 = N} is called
unconditional basis constant for the basis {e,}.
Theorem 2.7. [14] Suppose {e,} is an unconditional basis for a Banach space X and c is the
unconditional basis constant. Then c¢ is the smallest real number such that

[o9)
n=1

neA

<c

whenever x=3Y%_ a,e, € X and AcN.

Lemma 2.8. Let X be a Banach space with unconditional Schauder basis {e,} and ¢ be the

unconditional basis constant. Suppose {x,} is a sequence in X which converges weakly to 0. Then there

is a subsequence {x, } of {x,} and asequence {w,} such that

(i) [lxn, —wll >0

(i) llwgll < c|jxp, ||, for all k.

(iii) There exist positive integers Ny, Ny, ..., Ny, .. suchthat N,_; < N;,k =1.2,... and supp(u,) c

(Ni—1, N, ], where (Ny_; N, ]={j EN:N,_; <j < N}

Proof: Suppose {B,} is the sequence of natural projections with respect to the Schauder basis {e,} and

{ex}rso IS @ sequence of positive real numbers converging to 0.

Then ||P,(x;) — x;ll » 0 as n — oo. Therefore there exists a N, € N such that ||Py,(x;) — x,|| <€, Let

ny = 1.

Now since {x,} converges weakly to 0, ||Py,(x,)|| » 0 as n — co. So there exists a n, > 1 such that

1w G, )| < 4.

Again ||B,(xn,) —xn,|| > 0 as n — co. Therefore there exists a N; > N, such that ||Py, (x,,) — x| < e

Now since ||Py, (x,)|| » 0 @ n — o. So there exists a n, >n, such that ||Py, (x,,)|| < ez

Continuing this process we get n; <--<mn, <-- and Ny, <N; < -+ < N, < --- such that

1Pw, (i) = x| < € and [Py, Gen, )| < €

Let w, = (Py, — Py,_,)(xn,). Then |[|x,, —we| < ||Pu, (xn,) = xn, | + 1Py, (e ) || < 26

Therefore ||xnk — uk” -0 and supp(uy) © (Ny—1, Ni ] iy < N, k=12, ....

Since {e,} is an unconditional basis with unconditional basis constant ¢, by Theorem 2.7., we have
il = (| (P, = Pre_ ) Gen I < el ]I

Theorem 2.9. Let (x,].]]) be a Banach space with unconditional Schauder basis {e,} and ¢ be the

unconditional basis constant. Suppose (X, ||.1) has normal structure for weakly compact convex sets. Let

4
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x| = max{llx|l, Bq(x)} (where g >0 and q is aseminormon X)be an equivalent renorming of (X, |I.|]).
Then (X,1.1z) has normal structure for weakly compact convex sets, if for each sequence {y,} with
lyell < ¢, supp(y,) is finite and max(supp(yy)) < min(supp(yis1)), for all k, there exist no € N,a >0
such that q(y,) < a<1/B,Vk =n,,
Proof: Suppose (X,|.15) does not have normal structure for weakly compact convex sets. Then by
Corollary 2.4., there exists a sequence {x,} such that

X, 2% 0

lxnlp = 1

diamg({x,}) = 1.

Then by Lemma 2.8., there exists a subsequence {x, } and a sequence {u,} such that |[|x,, —u| -

0, supp(uy) © (Ni—1, N1, Where Ny_; < Nk =12,... and [lwll < c||xy, ||, forall k. Since ||z isan
equivalent renorming of ||. |l |x,, — uklﬁ - 0.

Now since diamg({x,}) = diamg(co{x,}) = 1, x, »* 0,0 € cofx,,} and |x, |z < 1.

Therefore, [lull < c||xy, || < c|xnk|B <c

Let f be abounded linear functional on X. Since x,, —»* 0, f(x,,) = 0.

Therefore, |f(w)l < |f(we — xn, )| + £ (20, )| < NF 1|, —uk|B + |f(xy,)| implies f(w) - 0.

So u, »% 0.

Now |xnk|3 — e = xn, |, < lugelp < |xnk|3 + |uy —xnk|ﬁ implies that |u,|; — 1.

B
From the given condition of the theorem, there exist n, € N,a >0 such that q(u,) <a <1/8,Vk =n,
Then Bq(uy) < af < 1,vk =n, Therefore |u,lz = max{llull, Bq(u)} = 1 gives |lull - 1.
Thus (X, |I.])) contains a sequence {u,} such that

u, -»% 0

llull - 1
diam({u,}) = 1.

Then by Corollary 2.4., (x,].|l) does not have normal structure for weakly compact convex sets.

Corollary 2.10. [5] The equivalent renorming of 1% of the form |x|; = max{llx|l,, Bq(x)} (where g >0
and g isaseminormon X)has normal structure, if for each sequence {y,} with |ly,|l < 1,supp(yy) is

finite and max(supp(yy)) < min(supp(vi+1)), for all k, there exist n, € N,a >0 such that q(y,) <a <

5
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1/B . Vk = n,
Proof: The standard basis {e,} of (12 1.1l,), where e, = (x(1),x(2),..),x(n) = 1,x(i) =0,vn # i, iSan
unconditional basis [14] with unconditional constant 1. Also since (12, ]l.1l,), is reflexive, every closed

bounded set is weakly compact. Therefore the conclusion follows from Theorem 2.9.

Example 2.11. Consider P(1 < p < ) with the norm ||x|| = {llxllp,ﬁsupn {W}} where {a,} is
a sequence of non zero real numbers and there exist n, € N,a > 0 such that |n/a,|<a<1/8,Vk =n,
Then (17, ].1)) has normal structure.

Proof: It is known that the standard basis {e,} of (i%,]I.1l,), where e, = (x(1),x(2),..),x(n) = 1,x(i) =
0,vn # i, is an unconditional basis [14] with unconditional constant 1. Since (i?,1l.1l,) is uniformly
convex, it is reflexive and has normal structure. Now since |n/a,| < a <1/8,Vk = ny,{n/a,} is bounded.

Let |n/a,|l <M,vn €N, for some M > 0.

[x(1)+--+]x(n)|

Therefore xll, < [lxll = {nxnp,ﬂsupn{ -

}} < M, |Ixl,, forall x e ”, forsome M, > 1. Hence

Il is an equivalent renorming of ||.|l,,.

Let {y,} beasequencein 1? such that |lyll, <1 supp(y,) is finite and

max(supp(yx)) < min(supp(yi+1)), forall k. Then there exist positive integers N, < N, <--- < N, such
that supp(yi) © (Ni—1, Ni].

Let g(x) =sup, {W}Vx € P,

Now, q(y,) = sup [571€8] . [y (D)]++ ]y (N e eI+ +1y (N g1 -1 .
lal |aNk| |aNk+1‘1|
< SUP{'NK' o ieaamdl } < a, for large «k.
|aNk| |aNk+1‘1|

Thus from Theorem 2.9., (17, ||.|) has normal structure.
In 1979, Sullivan [15] introduced the notion of k-uniformly rotund (k-UR) Banach spaces and proved
these spaces have normal structure. Here we provide a proof for normal structure. For this, we need the

following in sequel.

Definition 2.12. [15] A Banach space X is said to be k-uniformly rotund (k-UR) if every e >0,

k(o) — i ”2{6:11 xi”_ .
SX(E) - Inf 1 _ﬁ ”xl” < 11" - 11 ey (k + 1)1V(x11“' lxk+1) =€p> 01
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1 1
where, Ve, xir) = supd |16 Al e iai <=k
filx) - fi(xps1)

It is easy to see that 1-UR Banach space is uniformly convex. It is known every k-UR is reflexive and has
normal structure [15].
For x;,x,,...,x,,(m > 1) ina Banach space define,
F(xq, x5, .. %) = dist(xq, co{x,, ..., xpy PDdist(xy, co{xs, ..., % }) -+ | X1 — xm|l.
Theorem 2.13. Let X be a Banach space and m(> 1) be a positive integer. Suppose for a given € >0,
there exists a § >0 such that for all x;,x,,...,x,, € X with |lx;|| <1 =1,...,m),
F(xy,xp, ., x) <€
(1.1)

Xyt X,

whenever

|>1—&

m
Then X has normal structure.
Proof: Suppose X does not normal structure. Then by Theorem 2.3., there exists a sequence {x,} such
that lim,_,o, dist (x,41, co{x;, X3, ..., x,}) = diam{x;, x5, ..., X,,, ... }. Assume that diam{x,,x,,...,x,,..} = 1.
Choose 0<p <1 and let e = (1 —p).
Then there exists a § > 0 such that (1.1) holds.

L —

L — L —
Let st =141 — Xpeme1: S5 = Xp42 = Xpamess ™ S = Xpam — Xpamer, TOr Al LEN.

Now for large L,

L L
Sl +...+Sm

>1-54.

m

For 1<i<m,
dist(sk 1, co{st, ..., sF}) = dist(x 441, cO{xp 41, .., x,4:}) > 1 —p, Tor large L.
Now,
1—p <dist(sk, co{st, ..., sk _Ddist(sk _;, co{sk, ..., sk _,1) - |lsk — st||
=F(sk,..,st)<e

which is a contradiction for large L.

Theorem 2.14. [6] Suppose x;,x,,...,x,(n > 1) are vectors in Banach space with ||x;|| < 1, for all
i=12,..,n Then F(xy,xy,..,%,) < V(xq, %5, ..., %), Where V(x,,x,,...,x,) is defined as above.

Theorem 2.15. Every k-UR Banach space has normal structure.
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Proof: We show that X satisfies Theorem 2.13., for m = (k + 1). Let ¢ > 0.
Thensince X isk-UR, §¥(e) > 0, where &% is as in the definition of k-UR.

Let § =6%(e). Let x;,x5,..., %41 € X With ||x;]l <1 and

Xy ot Xpyq

=>1-o0.
k+1 1-9

Now suppose F(x;,x,,...,xx+1) = €. SO by Theorem 2.14., V(x;,x3,..., Xp41) = €.

Then from the definition of k-UR, we have

Xy ot Xpyq

— 8k =1 —
] <1-68k()=1-5.

This is a contradiction.

3. Conclusion

Here in the Theorem 2.9., we prove that (X,|.|z) has normal structure for weakly compact convex sets
under the assumption (X, ||.]]) having an unconditional Schauder basis but we do not know the theorem is
true or not for a Banach space (X, ||.]]) with Schauder basis (not necessarily unconditional).
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